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Abstract 



In this paper wc define Kobayashi-Royden pseudonorm for almost complex 
manifolds. Its basic properties known from the complex analysis are pre- 
served in the nonintegrable case as well. We prove that the pseudodistance 
induced by this pseudonorm coincides with the Kobayashi pseudodistance 
defined for the almost complex case earlier. We also consider a geometric 
application for moduli spaces of pseudoholomorphic curves. 
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Introduction 



In 1967 Kobayashi ( |P<.1|| ) introduced biholomorphically-invariant pseu- 
dodistance (which is a distance without nondegenerace axiom) for any com- 
plex manifold. This gave rise for the theory of hyperbolic spaces (see |[K2| , [Ca| , 
PS|| for details). The Kobayashi pseudodistance is the maximal pseudodis- 
tance among all nonincreasing under holomorphic maps pseudodistances and 
such that on the unit disk D C C it coincides with the distance djy which 
is induced by infinitesimal Poincare metric of the Lobachevskii plane: 

, o dzdz 
dr 



2^2 ■ 



Another way to define the pseudodistance du on a complex manifold M is 
the following: 

m 

dhiip, q) = inf (^fc' ^fc)' 

fc=i 

where the infimum is taken over all holomorphic mappings : D — >■ M, k = 
1, ...,m, with the properties /i(zi) = p, fk{wk) = fk+i{zk+i) and fm{wm) = q- 
In the paper [[K0|| the Kobayashi pseudodistance notion was extended to the 



case of arbitrary almost complex manifolds and it was shown that basic 
properties of this pseudodistance stay preserved. 

In 1970 Royden ( |[Ro|| ) discovered and justified an infinitesimal analog of 
the Kobayashi pseudodistance for complex manifolds. The main goal of the 
present paper is to define the corresponding notion in the category of almost 
complex manifolds and to prove the coincidence theorem. We also consider 
the reduction procedure which permits to define geometrical invariants for 
moduli spaces of pseudoholomorphic curves.^ 



* The author thanks aU scientists from Math, and Stat. Dept. of the Univ. of Tromsoe 
where he was a visitor and where the paper was finished. 
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Chapter 1 

Definition of the pseudonorm 
and basic properties 



Let (M^", J) be an almost complex manifold, i.e. = -1 G T*M®TM. 
We denote by e = 1 G TqT> the unit vector. Let us also denote by the 
disc of radius i? in C. Let v G TpM, p = tmv, where by tm '■ TM — > M we 
denote the canonical projection. 

Definition. The Kobayashi-Royden pseudonorm is the function 

Fm{v) = inf^, 

where the set TZ consists of all pseudoholomorphic mappings / : D ^ M (i.e. 
such mappings that f* o Jq = J o /^) with the property /*(0)e = rv, r & R+. 



By theorem III from |[NW]| the set TZ = [jTlr{v) is nonempty since lZr{v) 
is nonempty for every r > small enough. Here TZr{v) stands for the set of 
all pseudoholomorphic curves / with /*(0)e = rv, r > 0. Next statement is 
the direct consequence of the definition. 

Proposition 1. For any vector v G T^,{Mi) and for any pseudoholomorphic 
mapping f : (Mi, Ji) (M2, J2) we have: 

FM,{f*v)<FM,{v)- ° 
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Proposition 2. (i). The function Fm on TM is nonnegative and homoge- 
neous of degree one: FM^tv) = \t\FM{v) for any v G T*M and t G R. 
(ii). Let K G M be a compact with nonempty set of interior points such that 
the almost complex structure J is tamed by an exact symplectic form u = da 
(i. e. uj{^, J^) > for ^ 0) on it. Then for any v G TpM with p = TmV G K 
and for any norm \ ■ \ on tm there exists a constant Ck such that 

Fm{v) < Ck\v\. 

Proof. The first statement is obvious while the second is a reformulation of 
the nonlinear Schwarz lemma ( [prl|| ). □ 



Proposition 3. The function Fm is upper semicontinuous. 

Proof. Our statement is equivalent to the following one: if there is a pseudo- 
holomorphic disk / : D/j — »• M in some direction v G T^,M, f^e = v, then in 
any close direction v' G V{v) of v there is a pseudoholomorphic disk of almost 
the same size /' : D r^s M, (/')*e = v'. Here £ > is arbitrary small fixed 
number. The last statement is equivalent to the existence theorem for some 
nonlinear partial differential equation. We prove it using the fixed point 
theorem in the Banach space following |[N W|| . This paper by theorem III 



provides existence of a small pseudoholomorphic disk in any given direction. 
The proof is based on the linearization of the almost complex structure at 
the point, on the writing down the corresponding nonlinear equation and on 
the proximity of the obtained equation to the linear equation on holomorphic 
curves of the linearized structure. In our case we can linearize the almost 
complex structure along given pseudoholomorphic curve / : — > M. 

Contracting if needed we can assume that our manifold is a neighbor- 
hood of the disk Dr C C x {0}""^ C C" and that the almost complex 
structure J coincides with the standard complex structure Jq at the points 
of this disk. Let k e 71+, X E (0,1). Denote by Cfg^ = C''+\'Dr;C'') 
the space of all A-Holder /c-smooth mappings of D/j into and consider 
this space equipped with the standard Holder norm || ■ ||. Let's introduce 
also pseudonorm ||/||' = max{||9/||, ||(9/||}. We use standard notations di 
and di defined regardness the complex structure Jq. In this case the defining 
equation for pseudoholomorphic curve / : Dii;_£(C) ~^ C^{z^) in coordinates 
= -2*(C) takes the form (see details in ||N W|| ) : 
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Bz' + ^a^(^)a^™ = 0, z'e C'^^-Dr.,; C"). (*) 

m 

Fixation of the point p G C" which the curve goes through and of the 
direction of the curve v G TpM takes the form of initial conditions: z^{0) = 
p*, dz'^{0) = v\ Due to our hnearization we have a^(z) = for all points 
2; G Dr C C". Thus we have the solution zo = (vq in the direction of the 
vector vo = (1,0, ...,0) G TqC", |C| < R- We seek for a solution of the 
equation (*) at the form 

ziC)=P + Cv + Qiz,z), 

&{f,9m = d'if,9m-o'if,9m-c[d9'{f,g)m, 

0\f,g) = -T (^a^^{g)dr^, 

where Tf{w) = J -^-^jj^d( Ad(. Let us suppose that a*^ G C^^^. Since 

the function zq is a solution of our equation then Q{zq,zq) = 0. Consider 
its neighborhood O C C^^^^y Consider also a neighborhood V of the vector 
Vo in T*C". For sufficiently small neighborhood V we seek a solution of the 
equation (*) in O as the limit of the iteration process 

z[^^=p + Cv, zl:l,=p + Cv + e{zl:\zP). 

Lemma. For any given small e > the iterative process converges in C^^^^-^ 
for sufficiently small neighborhood V and the limit is a function z^'"^ G 
C^R-t)^- This function is a solution of the equation (*) with initial con- 
ditions z^'"\0) = p, dz^^^O) = V, and in addition z^^^ zq when v vq and 
for small enough V we have: < '2\v\. 



The required convergence is proved by estimates similar to |[N W[| but in 



our case the polidisk has the form IDr-e x (©^(g-))" c C". The main 
estimate is the upper bound of the contraction coefficient of the process: 

mf, f) - &{9, g)\\<c-\v- vol'- If -g\\. 
It is obtained via the following estimates (cf. |[N W|| ) : 
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1. iiT/.r<ci-ii/i||. 

2. ||e(/,/) - 0(^,^)1 < ||e(/,/) - e(f,g)\\ + \\e{f,g) - e(g,g)\\. 

3. \\aW)\\ < C2 ■ \v - vo\\ 

4- ||a^(/)-at(^)||<C3-|^-^o|-||/-^||. 
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Chapter 2 



Coincidence theorem 



Let us define the function d 



•M 



M X M ^ R by tlie formula 




where the infimum is taken over all piecewise smooth paths from the point p 
to the point q. The upper semicontinuity and upper boundness (propositions 
2 and 3) gives us the correctness of this definition and 



Theorem 1. The pseudodistance just introduced coincides with the Kobayashi 
pseudodistance: du = du- 

Proof. The inequality du < c?a/ is obvious because Fm{v) = inf |^| where the 
infimum is taken over all pseudoholomorphic mappings / : D — > M, = v, 
and the norm is induced by the Poincare metric. Let's prove the inverse. We 
follow the Royden's proof ( ||Ro|| ) . 



Let 7 be such a smooth path from a point p to a point q that / Fm < 



dhdip, q) Due to upper semicontinuity there exists a continuous function 
h on the interval [0, 1] such that h{t) > FM{j{t)) and 



Proposition 4. The function dM is a pseudodistance. 



□ 
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i.e. for a sufficiently dense partition = to < < • • • < ^fc = 1 we have: 

k 

'^h{ti-i){ti - ti-i) < dM{p,q) + e. 

i=l 

Let us consider arbitrary pseudoholomorphic curve : D5 — > M which 
satisfies the conditions uj{0) = ^{t) and (M7)*e = 7(t). Define for small At e 
R+ C C the curve ^{t; At) = u]{At). Since ^{t; At) = 7(t + At) + 0(| Atp) 
then due to proposition 2 for small enough At we have: 

dM{7{t)n{t + At)) < dM{i{t)n{t; At)) + dMiiit; At)n{t + At)) 
< FM{i{t))At + 0(|Atn < (1 + 6)h{t)At. 

Thus for sufficiently dense partition of the interval [0, 1] we have: 

k 

dM{p,q) < J2dM{^{ti-i)n{ti)) 

i=l 

k 

< {l + e)Y,h{ti-i){ti-ti-i) < {l + e){dM{p,q)+e). 

i=l 

Since e > is arbitrary we are done. □ 
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Chapter 3 

Connection with /i-principle 



Let us call a pseudoholomorpliic disks fiber bundle any embedding (im- 
mersion) $ : D/j X A^2n-2 _^ such that all the mappings ^Idj^xIx} ^'^^ 
pseudoholomorphic. 

Proposition 5. Let (M, J) be a 4- dimensional almost complex manifold. 
For any embedded (immersed) pseudoholomorphic disk f : M and 

any e > a small neighborhood of the image /(D/j.^) can be fibered by 
pseudoholomorphic disks. 

Proof. We can change the almost complex structure J in a neighborhood 
of the boundary of the disk /(9D/j) turning it into the standard complex. 
After this we can reduce the manifold M gluing up the disk into the sphere. 
Our manifold takes the form S]^ x A^^ (the subscript for the sphere has the 
following meaning: for our future purposes we introduce a symplectic form 
u taming J, uj{^, J^) > 0, of the form u = Ui Q) uj2, the volume being 
vo\ujj^{S]i) = 71 R^). We may also change the almost complex structure ev- 
erywhere outside a small neighborhood of the disk image turning it into the 
standard integrable. After the corresponding gluing up we may assume that 
our manifold takes the form = 8]^ x S"!^ and in addition the almost 
complex structure J is the standard complex out of a small neighborhood 
of /(D/j;_£). Denote by ^ G H2{M] TL) the homological class of the sphere 
S'^x {*} C M. According to ||Grl|| for an almost complex structure J of a gen- 



eral position there exists a unique pseudoholomorphic y4-sphere through any 
point of the manifold M. These spheres form in totality a pseudoholomorphic 
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disks fiber bundle. The absence of intersections follows from nonnegativity 
of the intersection number ( ||Grl|| ), this construction is similar to lemmas 3.5 
and 4.1 from ||M1|| where the smoothness of the fibration is also proved. The 



intersection of the obtained bundle with a small neighborhood of the image 
/(D/j„e) gives us a fibration of this image (with the initial almost complex 
structure J) by pseudoholomorphic disks. In order to get rid of the general 
position condition for the structure J on S]^ x 5*1^ we perturb it and then 
go to limit with the perturbation tending to zero and use the compactness 
theorem (O). □ 



According to [ |Gau| | (cf. [[Ki)| ) for any almost complex (M , J) there ex- 



ists a canonical almost complex structure J[i] on the corresponding manifold 
of pseudoholomorphic 1-jets Jpj^(I)r; M) such that the canonical projection 
TT : Jp^(D/j; M) — > M is a pseudoholomorphic mapping. Any pseudoholo- 
morphic mapping f : —>■ M can be canonically lifted to a pseudoholo- 
morphic mapping j^f : T>n J},h(Pr; M). 

In any even dimension 2n similarly to proposition 5 one can prove that 
for any embedded (immersed) pseudoholomorphic disc / : D/j^ M^" and 
any sufficiently close to its image point there exists a pseudoholomorphic 
disk /' : J)r-£ M^"' through this point. We may consider such a map 
g' : Dr-s — > Jpjf{DR-e', M) constructed by the map g = j^f. Note that the 
constructed map is not necessary the jet lift of some map, g' ^ i^(7r o g'). 
If the equality g' = j^f holds then, in accordance with the terminology 
from ||Gr2|| , the corresponding map should be called holonomic. Closeness 



of the initial points of the disks g and g' (i.e. the points g{Q) and g'{^)) in 
J\>h{J^ R-e'i M) means closeness of initial points and initial directions for the 
maps / and /' in T^M. Thus proposition 3 implies 

Theorem 2. There exists an embedded (immersed) holonomic pseudoholo- 
morphic disk g' : D_R_e Jpfj(DR-e', M) through every point sufficiently 
close to the image of an embedded (immersed) holonomic pseudoholomorphic 
disk g -.-Dr^ J},jj{Br;M). □ 

We may assume we have a family of pseudoholomorphic disks ga '■ ^r-e ~^ 
J},h(Dr.s; M) which fill out a neighborhood of the image of go = j f. Under 
which conditions this family may be assumed fibering (as in proposition 5)? 
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Chapter 4 

Hyperbolicity and 
nonhyperbolicity 



Almost complex manifold (M, J) is called hyperbolic if the pseudodistance 
(Im is a distance. Let us consider arbitrary norm | ■ | on the tangent bundle 
tm '■ TM — > M and let us consider the corresponding bundle of unit tangent 
vectors r^j^ : TiM M. Consider the restriction of the Kobayashi-Royden 
pseudonorm on this submanifold, F^]^ : TiM — > R. Proposition 2(ii) and 
theorem 2(i) from |[K0|| imply 



Theorem 3. The function is bounded on compact subsets in M. The 
manifold M is hyperbolic if and only if F^^^ ^ and the function {fI^^)~^ is 
bounded on compact subsets in M, i.e. is bounded away from zero on 

compact subsets. □ 



Note that theorems 1 and 3 imply theorem 2(ii) from |^D|, that is the 



almost complex version of Brody's theorem which states that for compact 
(possible with boundary) manifold M hyperbolicity is equivalent to the ab- 
sence of entire pseudoholomorphic curves, i.e. nontrivial pseudoholomorphic 
mappings / : C — M. 

Now let us consider the case of nonhyperbolic manifold M, for example 
let it possess pseudoholomorphic spheres. In the case of general position for 
the almost complex structure J, which is tamed by some symplectic form uj 
on M, the set of all pseudoholomorphic spheres in a fixed homology class A G 
H2{M; TZi) (completed for compactness by the set of decomposable rational 
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curves) is a finite-dimensional manifold A4{A; J) ( ||Grl| , [MS|| ). We define by 



the reduction procedure some pseudodistance on this manifold. Namely for 
any two pseudoholomorphic spheres fi'.S^^M defined up to holomorphical 
reparametrization of S"^ let 

dAiilfl], [/2]) = dM{Pl,P2), (t) 

where Pi G Im(/j) are arbitrary points on the images. 

As example note that defined pseudodistance is a distance for the mani- 
fold = X iS^ with g > 1 with some almost complex structure. Actually 
by methods of ||Grl|| , as in proposition 5, one may prove that M is fibered 



by pseudoholomorphic spheres and 7W ~ S 



Note that it is shown in the paper ||M2|| that for large enough the mani- 
fold A4 X possesses a homotopically canonical almost complex structure 
J. Applying the reduction procedure we may assume that the Kobayashi 
pseudodistance (i^vixR^^ induces a pseudodistance on A^. There is an exis- 
tence question for almost complex structures J such that the induced pseu- 
dodistance on TVI equals to the reduced pseudodistance dM defined by the 
formula (f). 
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